We describe our present understanding of the relation between the behaviour near space-like infinity of asymptotically flat Cauchy data for Einstein's vacuum field equations and the asymptotic behaviour of their time evolution at null infinity. It is shown that asymptotically flat, static vacuum solutions admit an analytic conformal representation in a neighbourhood of the critical sets at which null infinity touches the cylinder at space-like infinity.
Introduction
The proposal by Penrose to characterize far fields of isolated systems in terms of their conformal structure near null infinity ( [32] , [33] ) has been criticized over the years on several grounds. Various extensions, variations, alternatives, etc. have been proposed (cf. [7] , [8] , [11] , [17] , [35] , [36] , [38] , and references given there). A number of objections became obsolete by subsequent research. While most authors seem to agree, however, that 'something of this sort' is needed to discuss gravitational radiation, no general consensus has been achieved.
In [17] even the asymptotically flat model if abandoned and replaced by a time-like cut model. The latter essentially boils down to analysing the system of interest in terms of an initial boundary value problem with data prescribed on a space-like hypersurface S and a time-like hypersurface T which cuts off the system from the rest of the ambient cosmos and intersects S in a spherical space-like surface Σ.
In [27] has been given a fairly complete analysis of the initial boundary value problem for Einstein's vacuum field equations. As compared with the Cauchy problem, it shows some very distinctive features. The gauge problem near the time-like boundary T is related much more directly to the evolution problem than the gauge near the space-like hypersurface S. Since the boundary is in general not geometrically distinguished, the boundary data provide hardly any local information on the geometry of the boundary. As a consequence there are in general no distinguished boundary data, there is no natural 'outgoing boundary condition', there is no natural definition of 'outgoing radiation', and problems with the time-like cut model emerge immediately if one tries to analyse the questions: i) which data are to be prescribed on T ? ii) can we associate with the initial boundary value problem 'simple' quantities which characterize the system and its dynamics and which can be related to measurements ?
Because of its technical and conceptional difficulties the time-like cut model appears not very promising. Nevertheless, it has a certain interest. In the standard approach of numerical relativity a time-like boundary needs to be introduced to obtain a finite computational grid. But these calculations also try to take advantage of the aysmptotically flat model.
The only satifactory solution to the conceptual problems of gravitational radiation has been obtained with the assumption of asymptotical flatness and, in particular, the idea of the conformal boundary at null infinity. While much work has been devoted to the analysis of the related physical concepts, basic questions concerning the detailed nature of the model remain undecided so far. Some authors consider the ususal smoothness requirements on the conformal boundary as being too restrictive and suggest to admit logarithmic terms in the asymptotic fields ( [11] , [17] , [36] , [38] ). Moreover, doubts are raised in [8] whether non-trivial asymptotically simple solutions to the vacuum field equations exist at all and it is argued in [11] that the insistence on too much smoothness for the conformal structure at null infinity would exclude interesting physics. This stands in a curious contrast to the criticism of some authors (cf. [17] , [35] ) who consider null infinity as 'too far away' for modelling 'real' physics.
The fact that Einstein's field equations admit a regular conformal representation which provides hyperbolic equations for the conformal fields has been used to show that the smoothness of the conformal boundary is preserved if it is guaranteed on the initial slice S of a hyperboloidal initial value problem ( [19] , [20] , cf. also [23] for the concepts of conformal geometry, the details of the conformal field equations, and a survey of the applications referred to in the following). Subsequent work on hyperboloidal initial data ( [1] , [2] , [3] ) showed the existence of a large class of smooth hyperboloidal data for the conformal field equations. The construction of such data requires the 'free data' to satisfy a finite number of conditions at the boundary Σ = ∂S at which the initial slice S intersects future null infinity J + . However, the same work showed the existence of a large class of hyperboloidal data which are smooth on S\Σ but possess a non-trivial polyhomogeneous expansion at Σ, i.e. an asymptotic expansion in terms of r k log j r where r measures the distance from Σ. As a consequence of the constraint equations logarithmic terms can occur even if the free data extend smoothly to Σ. Recently, it has been shown that certain hyperboloidal data which are non-smooth at Σ evolve into solutions admitting a 'generalized conformal boundary' near the initial slice ( [12] , [31] ). Since the proof makes use of the metric conformal field equations, which contain the conformal factor as a basic variable, it supplies a generalized conformal boundary as part of the construction. It remains to be shown that the evolution process preserves the polyhomogeneity of the data.
These results suggest that in the case of standard Cauchy problems the field equations decide in an arbitrarily small neighbourhood of space-like infinity on the degree of smoothness of the conformal boundary at null infinity (referring here to the picture in which space-like infinity is indicated by a point i 0 ). To resolve the the critique mentioned above one thus needs to understand the detailed structure of the fields and the field equations near space-like infinity.
Besides problems of smoothness there are other good reasons to study the region near space-like infinity. Hyperboloidal data do not suffice to study all questions of interest. There is an intrinsic time-asymmetry in the hyperboliodal initial value problem. It does not allow one to study the effect of radiation falling onto 'the system' if the hyperboloidal hypersurface is chosen to interset J + so that one can control the outgoing radiation. To study incoming radiation, a scattering process, and outgoing raditation in one picture, space-like infinity needs to be included (as already pointed out in [33] ). If the hyperboloidal data are not distinguished by special features, e.g. the presence of trapped surface, it is not clear which part of the imagined space-time is covered by their evolution in time. The data could represent a hypersurface close to time-like infinity i + or very close to a Cauchy hypersurface (a difficulty shared with the characteristic initial value problem and the initial boundary value problem). Without having space-like infinity in the picture we loose interpretationally useful structures.
This suggests the following strategy: (i) characterize the class of data for which solutions to the conformal field equations satisfy given smoothness requirements in a neighbourhood of the region where null infinity touches spacelike infinity, (ii) study for which of these data an analysis of physical concepts (momentum, angular momentum at space-like and null infinity, reduction of the asymptotic gauge group to a Poincaré group, etc.) can be carried out and a satisfatory physical picture can be established.
Once this has been achieved we should be able to see whether the class of data found here is sufficiently rich or whether generalizations are required. The first step, which is the most difficult one, should also provide insight into the field equations which will help us to to prove generalizations, if needed, and, most importantly, to analyse the relation between the asymptotic fields and the space-time interior.
By the discusion above it should have become clear that asymptotic flatness is not something realized in our cosmos but an idealization which allows us to analyse in a convenient way certain physical features of isolated systems. While it is suggested to us by the field equations themselves, for instance by the Schwarzschild and the Kerr solutions, it is not completely determined by the equations, there remains a certain freedom. To make one's choice one needs to know the options and they will only be known if the mathematical analysis is sufficiently complete.
Of all the asymptotic regimes the region where null infinity touches spacelike infinity is least understood and therefore deserves a detailed analysis. In the next chapter will be given an outline of the author's present view of the situation. As shown in [22] , the conformal field equations admit a setting in which 'the set where null infinity touches space-like infinity' has a precise meaning and shows a structure which allows one to study how the field equations decide on the smoothness question. The detailed analysis of this setting appears to give increasing evidence that in the construction of asymptotically simple space-times a major role will be played by initial data which are asymptotically static or stationary or satisfy closely related requirements. To provide a basis for working out the precise form of these requirements, the behaviour of static solutions in the setting of [22] will be discussed in the subsequent chapters.
2 Asymptotically simple vacuum solutions and the asymptotic behaviour of their Cauchy data.
New insights into the constraint equations ( [13] , [14] ) and their subsequent generalizations and extensions ( [9] , [10] ) show the possibility to modify given initial data outside a compact set into asymptotically flat solutions to the vacuum constraints which are exactly static near space-like infinity in the time reflection symmetric case and stationary in general. Since these data then evolve into solutions which are static resp. stationary near space-like infinity and stationary solutions are known to admit a smooth conformal boundary (cf. [15] ), it is clear that these solutions contain smooth hyperboloidal hypersurfaces. In particular, P. Chruściel and E. Delay show in [9] how to construct families of Cauchy data on R 3 which are static outside a fixed radius and which have arbitrarily small ADM-mass. The corresponding solutions thus contain hyperboloidal hypersurfaces to which the results of [20] apply. P. Chruściel and E. Delay thus demonstrate the existence of non-trivial asymptotically simple solutions to Einstein's vacuum field equations.
Besides allowing to settle the problem of the existence of asymptotically simple space-times, this unexpected flexibility in constructing solutions to the constraint equations sheds quite a new light on the question whether smoothness requirements on the conformal boundary can be overly restrictive in the modelling of physical systems and it also raises a number of questions. If we insist on having a smooth structure at null infinity, do we need to impose such strong conditions as staticity or stationarity in a neighbourhood of space-like infinity or is there a larger freedom ? What is the role of the data close to an asymptotically flat end if they can be modified to such an extent without affecting the data in the interior ? Can we loose physics by using this freedom ? This is in the first place a physical question. However, the answer also requires a sufficiently deep insight into the mathematical structures which determine the time developement of the data near space-like and null infinity. The arguments used in [9] give no clue concerning the full specification of the class of data which develop into asymptotically simple space-times. We are thus left with the task of analysing the field near space-like infinity to understand the possible mechanism for generating logarithmic terms in the conformal structure at null infinity and to identify, if possible, the conditions on the Cauchy data which will ensure the smoothness of the conformal boundary.
For this purpose has been formulated in [22] the regular finite initial value problem near space-like infinity. It has been worked out and studied so far only in the time reflection symmetric case in which one has asymptotically flat Cauchy data (S,h) with vanishing second fundamental form on the initial hypersurfaceS. An investigation of the asymptotic behaviour of general solutions to the vacuum constraints ( [16] ) shows that the setting can be generalized to much more general situations which also include the stationary solutions. In this article we shall still concentrate on the case considered in [22] to keep the complexity of the calculation at a reasonable level. To describe our present understanding of the situation, the potential of the setting, and the motivation for the following chapters we will have to go into some details and refer some of the results obtained so far.
The (by our signature conventions negative definite) 'physical' 3-metrich oñ S is given such that the following condition is satisfied. There exists a manifold S, a smooth metric h on S, and a smooth 'conformal factor' Ω on S which satisfies with respect to a certain point i in S
such that (S \ {i}, Ω −2 h) can be identified isometrically with (S,h). Such an indentification is assumed in the following. This requirement says that the conformal structure ofh admits an extension to space-like infinity, represented here by the point i, of maximal smoothness. In [22] the metric h has been assumed for convenience to be real analytic but most of the results obtained there hold in fact also in the C ∞ case. In the following we shall also consider static data and non-trivial data with vanishing ADM-mass at i, therefore we shall not require that S be compact.
The difficulty with the analysis of the evolution of the fields near space-like infinity lies in the fact that in a conformal scaling in which space-like infinity is represented by a point the rescaled conformal Weyl tensor, which is the basic unknown in the conformal field equations, is strongly divergent at i (cf. equation (58) below ). Therefore a different scaling has been chosen in [22] , which leads, with further gauge conditions, to the following picture.
The point i is replaced by a spherical set I 0 such that the initial manifold S ′ =S ∪ I 0 becomes a manifold with boundary and there exists a smooth radial coordinate ρ on S ′ which vanishes on I 0 and is positive onS. The manifold on which the conformal field equations are to be solved is of the formM = [−1, 1] × S ′ . The projection onto the first factor defines a smooth coordinate τ which vanishes on the initial manifold S ′ , which is identified with {0} × S ′ , and the coordinate ρ extends toM such that ρ = 0 on the subsetĪ = [−1, 1]×I 0 ofM and is positive elsewhere. If the solution of the conformal field equations extends smoothly to all ofM the sets J ± = {τ = ±1, ρ > 0} represent future resp. past null infinity and the set I = {|τ | < 1, ρ = 0} ∼ =]−1, 1[×I 0 represents the cylinder at space-like infinity for the physical space-time, which itself has underlying manifoldM = {|τ | < 1, ρ > 0}. The critical sets I ± = {τ = ±1, ρ = 0}, at which future resp. past null infinity touch space-like infinity, will in the following be at the center of our dicussion.
The setting outlined above has a certain geometric background. For fixed points p ∈S the curves [−1, 1] ∋ τ → (τ, p) ∈M are time-like conformal geodesics with natural parameter τ for the underlying conformal geometry (cf. [22] , [23] ). The set I is defined as the limit of such curves. The conformal metric g supplied by the conformal field equations does not extend smoothly to I while its contravariant version g ♯ does extend smoothly to I with g ♯ (d ρ, d ρ) = 0 on I. The conformal geodesics are used to define the gauge (coordinates, frame field, and conformal scaling) and it turns out that the conformal factor Θ, which relates the metric g to the physical metricg onM by g = Θ 2g , is given onM by Θ = 1/2 |d Ω| h (1 − τ
2 ) with h and Ω as given above independent of τ and |d Ω| h = |h ab D a Ω D b Ω| so that Θ = 0 onĪ. The main point of this construction is that in the chosen gauge all initial data for the conformal field equations extend smoothly to I 0 and the field equations imply hyperbolic evolution equations onM near the initial slice S ′ . The geometrical situation is such that the solution will admit smooth hyperboloidal hypersurfaces if the solution extends smoothly to a neighbourhood ofĪ inM . Because of the results of [20] our main interest therefore is to control the behaviour of the solutions on such neighbourhoods, which include in particular the critical sets I ± . In the given gauge the conformal field equations are written onM as a system for the unknown (or their spinor equivalents)
where e µ k are the coefficients of a g-orthonormal frame field with respect to certain coordinates, theΓ i j k denote the connection coefficients in the frame e k of a certain Weyl connection∇ for g,R jk denotes the Ricci tensor of∇, and W i jkl = Θ −1 C i jkl denotes the rescaled conformal Weyl tensor in the frame e k . Writing x 0 = τ , x 1 = ρ, denoting by the remaining x µ suitably chosen angular coordinates, and setting u = (v, φ), where v = (e µ k ,Γ i j k ,R jk ) and φ = (W i jkl ), one finds that the evolution system takes the specific form
where f and B are smooth and the matrices A µ = A µ (v) are symmetric and t φ A 0 φ is a positive definite quadratic form in φ near S ′ if the data are extended in a continuous way off S ′ . The system is thus symmetric hyperbolic near S ′ . We denote by u 0 the initial data for the system (1) on S ′ . The form ofM may suggest that we will also have to prescribe boundary data on I to determine the solution u of (1). This turns out not to be the case. Related to the degeneracy of g ♯ on I is the fact that A 1 = 0 on I, so that the evolution equations imply a system of inner equations for u on I which is again symmetric hyperbolic. This inner system determines u uniquely on I from the data implied by u 0 on I 0 . In suitable neighbourhoods ofĪ the solution u will therefore be determined uniqely by the data u 0 on S ′ . The unknown u can be determined explicitly on I and it extends smoothly to I ± . Consequently, also A 0 is known and smooth onĪ. This allows us to make the following important observation. While it is positive definite on I, the quadratic form t φ A 0 φ degenerates on I ± . This degeneracy indicates in fact a break down of the hyperbolicity of the evolution equations at I ± . It prevents us from applying standard PDE techniques to the situation and is the source of our worries. Depending on the data on S ′ , it may result in a singular behaviour of the solution on J ± ∪ I ± . For p = 0, 1, 2, . . . we define u p to be the restriction to I of the function ∂ p u/∂ p ρ and we use similar notation for v and φ. Since these functions will play an important role in the following it will be convenient to introduce the following terminology. For given integer p ≥ 0 we call the system of functions u It follows then from the structure of (1) that for a given p ≥ 1 the quantities v p can be integrated on I once J p−1 I (u) is known. Furthermore, the fact that A 1 = 0 on I implies that we can also derive inner, linear, and symmetric hyperbolic transport equations on I for the quantities φ p which allow us in principle to calculate φ p once J p−1 I (u) is given. For p = 0, 1 the solutions can be calculated by hand and are found to extend smoothly to I ± . For p ≥ 3 the algebraic complexities, which increase very quickly with p, prevent us from writing down the solutions explicitly but we come quite close to that.
By expanding the functions u p in a suitable system of functions, chosen in [22] to be the system of matrix elements of unitary representations of the group SU (2) which are characterized for given p by integer indices q and k with 0 ≤ q ≤ p and 0 ≤ k ≤ 2q, the equations for u p can be reduced to systems of ODE's on I.
Specific features of the overdetermined Bianchi equation, the equation which governs the evolution of φ, allow us to reduce the integration of φ p on I to the integration of two (complex) components of it which we denote by φ p 0 , φ p 4 . For p ≥ 2 the integration can then be reduced to the integration of the expansion coefficients a 0,p;q,k (τ ), a 4,p;q,k (τ ) of φ p 0 and φ p 4 in our function system on I, the calculation of the expansion coefficients of all the remaining fields then being quite lengthy but straightforward. The column vector y with entries a 0,p;q,k (τ ), a 4,p;q,k (τ ) is given by an expression of the form
where all the quantities on the right hand side depend on p, q, and k. The fundamental matrices X(τ ) have determined explicitly, the vector y 0 is obtained by expanding the initial data, and b(τ ) is a column vector which depends on J (u) which quickly gets quite complicated with increasing p.
Even without performing the integration one can infer some important general features of the solutions from (2) . It implies that the s-jets J p I (u) are smooth on I for arbitrary p ≥ 0, however, in general the functions u p , p ≥ 2, will have a polyhomogeneous expansion, i.e. an expansion in terms of
There are two possible sources for logarithmic singularities in y(τ ) as τ → ±1. Because of the assumed time reflection symmetry it suffices to consider the case where τ → 1.
For q = p the matrix X(τ ) has logarithmic terms. In that case holds b = 0 and the solution, given by the first term on the right hand side of (2), is obtained explicitly. It turns out that it is given by terms of the form
where
with j = 0, . . . , 4 and constants of integration e j = e j (x A ), f j = f j (x A ) which are determined by the data on S ′ and depend smoothly (in fact analytically) on the angular coordinates x A on I 0 . Expanding the integral one finds that the solutions behave like
The solutions thus develop in general logarithmic singularities at I ± . Note that the singularities get less severe with increasing p.
Because the functions f k are determined by the initial data on S, the occurrence of logarithmic singularities in (3) can be controlled by conditions on h. It has been shown in [22] that for given integer p * ≥ 0 the expressions (3) extend smoothly to I ± for 2 ≤ p ≤ p * + 2 if and only if the regularity conditions
are satisfied. Here the space spinor notation is employed, D denotes the covariant derivative operator and B ABCD the Cotton spinor of h (cf. (29) for the tensor equivalent). We note that for given p * the string of conditions (4) is conformally invariant. For q ≤ p − 1 the 2 × 2-matrix X(τ ) is polynomial in τ and thus extends smoothly to τ = ±1. However, it is of the form (cf. equation (8.35) and Lemma 8.6 of [22] )
Thus the matrix X −1 in (2) has poles at τ = ±1 and it depends on the detailed structure of the quantities b(τ ) whether further logarithmic singularities will occur. If we knew the functions b(τ ), we had complete control on the smoothness of the fields u p onĪ. Note that the singularities get less severe with increasing p because Z(τ ) occurs as a factor of the integral in (2) .
To see the effect of the non-smoothness of a function u p at I ± for the smoothness of the conformal structure at null infinity, we need to control the evolution in a neighbourhood ofĪ inM . This has not been achieved yet. However, the detailed analysis of the linerized setting, i.e. of the spin-2 equations on Minkowski space in the present gauge, gives some insight into the situation ( [24] ). It turns out that in general (assuming the linearization h ′ of the data to be smooth) there is a class of logarithmic singularities which survive the linearization process (the case p = q). If the linearized version of (4) is satisfied with p * = ∞ the solution extends smoothly to J ± . If the condition is satisfied with some finite p * ≥ 2 but violated at p = p * + 1, the logarithmic singularity in (3) developed at I ± can be shown to travel along J ± and the solution will be only in C p * −2 . Several interesting observations follow from this. The logarithmic terms on J ± do not depend of the approach used to analyse them, they are simply determined by the data and not an indication of a deficiency of our setting. Since things will hardly improve in the non-linear case, we can expect that the occurrence of logarithmic terms in (2) will imply a non-smoothness of the conformal boundary in that case. It then follows that asymptotic smoothness of the data by itself is not sufficient to ensure the smoothness of the conformal boundary. While in the hyperboloidal initial value problem logarithmic terms were obtained (for smooth free data) as a consequence of the constraint equations, they are obtained here as a consequence of the evolution mechanism. It is quite remarkable that Einstein's equations, complicated as they are, admit a setting which should allow us to pinpoint in such a precise way the generation process for logarithmic singularities and to related it to the structure of the data. It also tells us what to do:
(i) control the smoothness of the quantities u p at I ± , derive necessary and sufficient conditions on the data h for J p * I (u) to be smooth onĪ for given integer p * ≥ 0.
(ii) show how the behaviour of the u p near I ± determines the smoothness of the solution to the conformal field equations at J ± . In this article we shall be concerned with the first problem. It has been shown in [22] and [26] that the fields u 2 and u 3 are polynomial in τ and thus extend smoothly to I ± if condition (4) is satisfied with p * = 0 and p * = 1 respectively. These explicit calculations, which are already quite lengthy, illustrate the difficulty of controlling the structure of (2) for arbitrary values of p. Recently J. A. Valiente-Kroon studied with the help of an algebraic computer programm the case where h is conformallly flat on a neighbourhood V of space-like infinity ( [37] ). The results indicate that the conjecture formulated by the present author in [23] was overly optimistic.
In the conformally flat case condition (4) is trivially satisfied but there still exists a large class of non-trivial data for which h is not conformally flat outside V . The influence of these data is carried to V by the solution of the Lichnerowicz equation. It is given on V as the sum of the fundamental solution of the conformally covariant Laplace operator ∆ h − 1/8 R[h] with pole at i and a smooth solution W of the equation
The ADM-mass of the data is the given by m = 2 W (i).
It turns out that u 4 is again polynomial and smooth at I ± . For p = 5 however, logarithmic terms are observed. They come with certain coefficients which depend on the data. Choosing data such that these coefficients vanish, still new logarithmic terms are observed for u 6 . Restricting to the axially symmetric case to keep the expressions manageable, new logarithmic terms crop up for p = 7 and p = 8. The form of the conditions obtained at these orders suggests a general formula for the conditions which need to be satisfied to excluded logarithmic terms up to a given order p. If this formula turns out to be correct, the solution must become asymptotically Schwarzschild at i (whence, due to the analyticity of the data on V , precisely Schwarzschild near i) if the logarithmic terms are required to vanish at all orders ( [37] ).
The main purpose of calculating the u p explicitly for the first few p is to acquire the insight into the structure of (2) which would allow us to prove general results concerning the behaviour of the u p at I ± in dependence of the data given on S. By themselves, the last observations form a very small basis for generalizations. However, the evidence available so far makes one wonder whether the static field equations play a more significant role in this context. Conditions (4) made their first appearence in a study of asymptotically flat, time reflection symmetric, massless (cf. (8) below) solutions to the vacuum field equations. In [21] is derived a necessary and sufficient condition, referred to as radiativity condition, on the metric h which ensures for the solution space-time determined by h that space-like infinity can be represented by a regular point in a smooth conformal extension. It was also shown there that this condition implies conditions (4) and that metrics h which are obtained by suitable conformal rescalings of asymptotically flat static metrics with non-vanishing ADM-mass do satisfy the radiativity condition and thus also the regularity condition (4) with p * = ∞ (cf. equations (29) and (59) below). The discussion in section 3.1 below suggests that there is a gap between h satisfying the regularity conditions (4) and h being conformally static (cf. (31)), however, it is not clear 'how large' that gap is and whether it can be characterized in a simple way.
In [22] it is shown that the radiativity condition is in fact equivalent to the regularity condition. Thus, in the massless case the conformally invariant condition (4) with p * = ∞ is neccessary and sufficient for the smoothness of J ± near space-like infinity. For the massive case it is shown in [22] that (4) (with p * = ∞) is a necessary condition for the smoothness of the functions u p onĪ. The results of [37] show us that it is not sufficient. In those results the conformal structure of h is trivial and only the solution to the Lichnerowicz equation, which determines the mass, enters as a non-trivial datum. While there is the freedom of performing rescalings of the form h → ϑ 2 h, Ω → ϑ Ω with positive functions ϑ in the formalism of the conformal field equations and while it is the conformal structure of h which constitutes the free datum, the results of [37] suggest that the solution of the Lichnerowicz equation, which breaks conformal invariance by fixing the scaling of the physcial metrich = Ω −2 h, does play a role in the smoothness of the conformal structure at null infinity.
This observation is remarkable because it shows that besides the regularity condition (4), which is local with respect to h, there are other conditions to be observed which are 'not so local'. The fact that these conditions are related to the solution of the Lichnerowicz equation suggests that they are in fact condition on the global structure of the initial data. However, the Lichnerowicz equation is introduced only as a device to reduce the problem of solving the underdetermined elliptic system of constraints to an elliptic problem. The new results on the constraints mentioned above exploit the underdeterminedness of the contraints in quite a different way. They teach us to be more careful with the word 'global' in this context.
Besides the observation that there do arise further conditions it is of interest that this happens only at such a high order. Even more interesting is the fact that the smoothness requirement seem to imply that the data must behave near i asymptotically like the data of the only static solution in the conformal class of h (cf. Lemma 3.1). The observation in [21] that static data satisfy the regularity condition has been considered so far as somewhat accidental. Is it possible that asymptotically static or, more generally, asymptotically stationary data, play a much more important role in the construction of asymptotically simple solutions than expected so far ?
First of all this raises the question whether the setting proposed in [22] is for static solutions as smooth as one would expect. This has been discussed so far only for the Schwarzschild solution, where everything turns out to be analytic. Giving an answer to this question for general static solutions is the main purpose of the following chapters. It also requires some discussion of static, asymptotically flat vacuum solutions.
To provide a basis for further discussions, a neighbourhood of the cylinder at space-like infinity for such solutions will be described in terms which are as simple, direct, and explicit as possible. This description uses a gauge which is related of the specific structure of static fields and does not require us to solve differential equations. In general one needs to infer the regularity of the gauge from the behaviour of the full system of evolution equations. Because the gauge problem decouples in the present case from the space-time evolution problem, the static solutions nicely illustrate the specific sense in which smoothness is obtained nearĪ. It is shown that a certain type of degenerate frame fields allow us to introduce a tensor calculus which provides expressions which extend smoothly toĪ.
While the smoothness (in fact, analyticity) of the conformal structure at null infinity for static space-times follows simply from the smoothness of h near i on the given time-slice S, conditions (4) tell us that the field equations have to be used in a much more detailed way in the discussion of the smoothness near the critical sets I ± . Somewhat lengthy calculations are required to show that the components of the rescaled conformal Weyl tensor fields in the given frame extend smoothly toĪ and to calculate the details of the conformal Ricci tensor nearĪ. These results are then used to show that in the gauge of [22] static solutions have a regular representation and all fields are analytic in a neighbourhood ofĪ. No attempt is made here to control the possible size of this neighbourhood. This is unlikely to be of interest for general static solutions (cf. [25] for a case of special interest, though) and it would also require methods which are different from the ones used here.
This study contributes to solving the task (i) mentioned above. Let us consider initial data h on S which are asymptotically static at order p (with p finite or p = ∞) in the sense that the d-jet J p I 0 (u) coincides with the d-jet of order p on I 0 of a static solution (it can then be expressed in terms of the data (24) or the related multipole moments). It follows then from the analysis mentioned above that the s-jet J p I (u) is smooth onĪ. We expect that at the expense of a larger calculational effort similar results can be obtained for stationary solutions. The results of [10] tell us that there exists quite a large class of data which are asymptotically static at order p without neccessarily being static in a full neighbourhood of space-like infinity. It is a fortunate coincidence that they become available at the moment when the analysis of space-like infinity seems to indicate a more important role of the static respectivly stationary field equations than expected so far.
Asymptotically flat time reflection symmetric data
The construction of [22] , which refers to time reflection symmetric data, is based on a conformal representation h = Ω 2h of the asymptotically flat physical 3-metrich with a conformal factor Ω which allows h to be extended smoothly to space-like infinity. More precisely, on the 3-manifold S =S ∪ {i} consisting of the physical initial hypersurfaceS and an ideal point i representing space-like infinity can be defined a differentiability structure compatible with the one oñ S such that h extends smoothly to i.
Forh to be asymptotically flat and satisfy the vacuum constraints the function θ = Ω − 1 2 has to be given such that
where δ i denotes the Dirac-measure with weight 1 at i. In a neighbourhood of i there exists then a representation θ = U |x| + W with functions U , W which satisfy
and
Here m denotes the ADM-mass of the solution and |x| = δ ab x a x b , where it is assumed that the x a , a = 1, 2, 3, are h-normal coordinates defined on some convex open neighbourhood V of i such that with
The functions U , W are analytic if h is analytic (cf. [28] ) and smooth if h is C ∞ (cf. [16] ). We shall refer to the case where
as the massless case.
In the coordinates as above we set Γ = |x|
By taking derivatives of (9) and using (10) one obtains
Proceeding further in this way on can determine an expansion of Γ in terms curvature terms at i. The relations above imply
As a consequence, the function σ =
and the equation
This allows us to determine the expansion of U recursively from (12) . The Hadamard's parametrix construction is based on an ansatz
by which the calculation of U is reduced to an ODE problem. The functions U p are then obtained recursively by
where the integration is performed in terms of the affine parameter s = Γ 1 2 = |x| along the geodesics emanating from i (cf. [22] ). Since ∆ h Γ+6 = O(Γ) as Γ → 0, it follows in particular that
A rescaling
with a smooth positive factor ϑ satisfying ϑ(i) = 1, leavesh = Ω −2 h unchanged but implies transitions
where |x ′ | is defined in terms of h ′ -normal coordinates x a ′ as described above. Due to the conformal covariance of the operator on the left hand sides of equations (5), relations (5), (6) will then also hold with all fields replaced by the primed fields.
To remove this freedom it has been assumed in [22] that the metric h is given in a particular conformal gauge, referred to as cn-gauge. This gauge can be achieved without restrictions and fixes the scaling uniquely up to a positive real number an a 1-form given at i. In the following we shall use a different gauge, which assumes that m > 0. It leads to a simplification of various calculations but requires care in analysing limits where m → 0.
If
. Thus, if m > 0 we can always assume h to be given such that
The function σ is characterized by the fact that it is smooth and satisfies near i the equation ∆ h (σ −1/2 ) = 4 π δ i . Observing (12) , this equation can be rewritten in the form
(note that an analogous equation holds with σ replaced by Ω). The considerations above apply to the general class of time reflection symmetric, asymptotically flat data considered before.
Static and conformal static fields
Static solutions to the vacuum field equations can be written in the form
with t-independent negative definite metrich and t-independent norm v = g(K, K) > 0 of the time-like Killing field K = ∂ t . With the unit normal of a slice {t = const.} being given by n = v −1 K and the associated orthogonal projector by h µ ν = g µ ν − n µ n ν , one gets for the second fundamental form on this slice
because it must be symmetric by n being hypersurface orthogonal while the third term is anti-symmetric by the Killing equation. The solutions are thus time reflection symmetric. For these solutions the vacuum field equations are equivalent to the requirement that the static vacuum field equations
hold on one and thus on each slice {t = const.}. In harmonic coordinates these equations become elliptic andh and v thus real analytic. We consider solutionsh, v to equations (18) with non-vanishing ADM-mass which are given on a 3-manifoldS which is mapped by suitable coordinatesx a diffeomorphically to R 3 \B, whereB is a closed ball in R 3 . We assume that h satisfies in these coordinates the usual condition of asymptotic flatness and v → 1 as |x| → ∞. The work in [4] (cf. also [30] for a strengthening of this result) then implies that the conformal structure defined byh can be extended analytically to space-like infinity. The physical 3-metrich therefore belongs to the class of data considered above.
For such solutions it follows from the discussion in [5] that the gauge (16) is achieved if any of the equivalent equations
holds. The set S =S ∪ {i} can then be endowed with a differential structure such that the metric h = Ω 2h extends as a real analytic metric to i. We shall consider in the following h-normal coordinates as in (7) such that the functions σ(x c ), h ab (x c ) are then real analytic on U . The first of the static vacuum field equations (18) then implies
where 
and is thus satisfied by our assumption R[h] = 0.
We shall repeat some of the considerations of [21] in the present conformal gauge. The fact that solutions to the conformal static field equations are real analytic allows us to use some very concise arguments. We note that the statements obtained here can also be obtained by recursive arguments. This becomes of interest if some of the following considerations are to be transferred to C ∞ or C k situations. By (20)
With the Bianchi identity, which takes in the present gauge the form D a R ab = 0, follow the integrability conditions
Equation (20) thus implies an expression for the Cotton tensor, which is given in the present gauge by B bca = D [c R a]b , and for its dualized version, which is given by
It follows that
which shows that equation (17) is a consequence of equations (12) and (20) and that the latter contain the complete information of the conformal static field equations. Let e a = e c a ∂ x c , a = 1, 2, 3 denote the h-orthonormal frame field on V which is parallely transported along the h-geodesics through i and satisfies e a = ∂ x a at i. In the following we assume all tensor fields, except the frame field e a and the coframe field σ c dual to it, to be expressed in term of this frame field and we write D a ≡ D ea . The coefficients of h are then given by h ab = −δ ab . Any analytic tensor field T b1...bq a1...ap on V has an expansion of the form (cf. [22] )
We want to discuss how expansions of this form can be obtained for the fields σ, s, R ab , which are provided by the solutions to the conformal static field equations. Once these fields are known, the coefficients of the 1-forms σ
where the relation
between the curvature tensor h and the tensor
h ab is to be observed, which holds in 3 dimensions.
For this purpose we consider the data
where R means 'trace the free symmetric part of'. These data have the following interpretation. Since solutions to the conformal static field equations are real analytic in the given coordinates x a , all the fields considered above can be extended into a complex domain V ′ ⊂ C 3 which comprises V as a subset of real points. The subset N = {Γ = 0} of V ′ then defines the cone which is generated by the complex null geodesics C ∋ s → x a (s) = s x a * ∈ V ′ through i, where x a * = 0 is constant with h ab x a * x b * = 0 at i. On N the field D a Γ ∂ x a = −2 x a ∂ x a is tangent to the null generators of N . The derivatives of R abẋ aẋb with respect to s at i are given by the complex numbers
where the term on the left hand side is rewritten on the right hand side in space spinor notation and it is used that x AB * = ι A ι B with some spinor ι A because x a * is a null vector. Allowing x a * to vary over the null cone at i, i.e. allowing ι A to vary over P 1 (C), we can extract from the numbers above the real quantities
which are equivalent to (24) . Giving the data (24) is thus equivalent to giving R ab (s x a * )ẋ aẋb where x a * varies over a cut of the null cone at i or, up to a scaling, to giving the restriction of R ab D a Γ D b Γ to N . The data (24) are in one-to-one correspondence to the multipole moments considered in [4] .
We consider now the Bianchi identity D a R ab = 0 and equation (22) . In space spinor notation they combine into the concise form
Note that the contration and symmetrization on the right hand side projects out precisely the information contained in R ab D a Γ D b Γ while the contraction which occurs on the left hand side prevents us from using the equation to calculate any of the information in (25) . We use furthermore equations (17), (21) . By taking formal derivatives of these equations one can determine from (12) and the data (24) all derivatives of σ, s, and R ab at i. All data the (24) are needed for this and they determine the expansion uniquely. This procedure has been formalized in the theory of 'exact sets of fields' discussed in [34] , where equations of the type (26) are considered.
The formulation given above suggests proving a Cauchy-Kowalevska type results for equations (17) , (21), (26) with data prescribed on N . Although the existence of the vertex at i may create some difficulties in the present case, this problem has much in common with the characteristic initial value problem for Einstein's field equations for which the existence of analytic solutions has been shown ( [18] ). At present, no decay estimates for the c ap...a1bc as p → ∞ are available which would ensure the convergence of these series. To simplify the following discussion we shall assume that the series considered above do converge.
It remains to be shown that this procedure provides a solution to the original equation (20) (21), (22) this shows that we solved the problem
where the first two equations combine in space spinor notation into D A E Σ BCDE = 0. Following again the arguments of [34] , we conclude that Σ ab = 0.
Equation (23) implies
A rescaling h → h ′ = ϑ 4 h with a positive (analytic) conformal factor gives
This shows that (27) is not conformally invariant, but it also shows that the relation
implied by (27) , is conformally invariant. By the arguments used before, it implies the relations
equivalent to (28) , which take in space spinor notation the form
We note that for given integer p * > 0 the string of such conditions with 0 ≤ p ≤ p * is conformally invariant. Since these condition have a particular bearing on the smoothness of gravitational fields at null infinity ( [21] , [22] ) and it is not clear whether static equations are of a greater significance in this context than expected so far, we take a closer look at (27) . If we apply the operators D a D b and D a D b D c to (27) and restrict the resulting equation to i, we get the relations B ab (i) = 0 and D (a B bc) (i) = 0 respectively, which agree with (29) at the corresponding orders because D a B ab = 0. However, if we proceed similarly with
This condition is stronger than condition (29) for p = 2, which can be written
Thus (31) implies in particular that ∆ h B cd (i) = 0. It appears that in general this equation cannot be deduced in the present gauge with the help of one of the known general identities, even if (28) is assumed. There will be further such conditions at higher orders. While the particular form of these properties may depend on the conformal gauge, the existence of properties which go beyond (29) does not. In any case, these observations seem to show that there is a gap between h satisfying the regularity conditions (29) and h being conformally static.
In the following the coordinate notation will be used again. We are particularly intrigued by the results of ( [37] ) which suggest that conformal flatness of the data h near i and smoothness requirements on the functions u p at I ± imply that the solution be asymptotically Schwarzschild. In this context the following is of interest. 
This equation can be read as an ODE along the integral curves of the vector field D c σ. It follows from (17) that
Because of
its integral curves run into i and cover in fact a (possibly small) neighbourhood U ′ of i. Equation (32) can be rewritten in the form
with the matrix value function
which is continuous on U ′ . This implies that R ab = 0 on U ′ .
Remark:
We note that these data may be obtained in a different form if locally conformally flat data are given in the cn-gauge and one asks under which conditions they are conformally static. The data are then of the form 
Applying D c , multiplying with w, and using twice (33) again, we conclude that
with a constant 'vector' j a . That these data are equivalent to the ones considered above is seen by rescaling with ϑ = 
Conformal extensions of static vacuum spacetimes
In the following we shall construct a conformal extension of asymptotically flat static vacuum solutions (with positive ADM mass) to null infinity which will also allow us to discuss the cylinder at space-like infinity. The extension will be defined in terms of an explicitly given rescaling and coordinate transformation. Later it will be shown that it coincides with the extension (not the coordinates etc.) defined in [22] . We write the static solution in the form
and a conformal factor Ω = Ω(x c ), where we assume h-normal coordinates x a which satisfy 7 and the conformal gauge which achieves (16) on the set ℜ × U , where U = {|x| < ρ * } with sufficiently small ρ * > 0.
We set
Coordinates ψ A , A = 2, 3, on the sphere S 2 = {|x| = 1} can be used to parametrize e a and we write then e a = e a (ψ A ) and d e a = e a ,ψ A d ψ A . For convenience the coordinates ψ A will be assumed in the following to be real analytic. With x a = s e a (ψ A ) the metric h takes the form
with the s-dependent metric
on S 2 which reduces for s = 0 to the standard line element d σ 2 = −k(0, ψ A ) on the 2-dimensional unit sphere in the coordinates ψ A .
We set now x 0 = t and x
It follows that the four differentials
are independent for 0 ≤τ < 1 and 0 < ρ < ρ * and we can consider x µ ′ as smooth coordinates on an open neighbourhood of space-like infinity in {t ≥ 0}. We also set for s > 0
To indicate the different values taken by s in the following expressions, we write out the argument replacing s explicitly but suppress the dependence on ψ A . Thus h(s) will be written for h(s e a ) and k(s) for k(s, ψ A ).
With this notation and the conformal factor
we define a conformal representation ofg by
The new coordinates do not respect the time reflection symmetry of the underlying space-time. But they will be sufficient to discuss the part of the space-time in the future of the initial hypersurface {t = 0}. We adopt now for sets in this part the notation which refers in [22] to the space-time as a whole. First of all we replace the point i by a spherical set I 0 and S by the manifold S ′ =S ∪ I 0 with boundary I 0 . The points of I 0 are to be considered as ideal end points attached to the curves ρ → x a (ρ) = ρ e a (ψ A ) inS as ρ → 0 for fixed value of ψ A . The ψ A extend then to analytic coordinates on I 0 and ρ defines an analytic coordinate on S ′ which vanishes on I 0 . We setM
where it is understood that the unspecified coordinate systems ψ A cover the sphere S 2 , and
The range of ρ should also be bounded above. We shall leave this unspecified because the specific value of this bound is unimportant here, we will be concerned only with the behaviour of the metric in a neighbourhood ofĪ inM . Important for the following are the observations: (i) the function h(s e a (ψ A )) as given by the right hand side of (38) and considered as function of s and ψ A extends as a real analytic function into a domain where s < 0. This follows immediately from the values taken by U and its analyticity.
(ii) similarly, the 1-form l given by (37) extends as a real analytic function into a domain where ρ ≤ 0 and/orτ ≥ 1. This follows from
and (15) with Γ = s 2 . To obtain a smooth calculus we shall consider in the following a special class of frame fields, a prototype of which is given by the frame resp. coframe field
(40) One then gets g = g ik α i α k with metric coefficients
In terms of the new coordinates the metric given by (39) extends analytically through the set J + . The latter is a null hypersurface for the extended metric and represents future null infinity for the space-time defined byg. By contrast, g given by (39) does not extend smoothly toĪ. However, the frame coefficients g ik and their contravariant versions g ik do extend analytically to all ofM . It will be shown later that I represents the cylinder at space-like infinity as defined in [22] .
One has g ik =ĝ ik + O(ρ 2 ) witĥ
so that det(ĝ ik ) < 0 for ρ ≥ 0, 0 ≤τ ≤ 1 and
Since the conformal factor Λ does not depend on t, the static Killing vector field represents a Killing field also for the metric g. In the new coordinates it takes the form
and extends smoothly to all ofM . Denote by ∇ the Levi-Civita connection of g. Since the commutators of the frame fields v k vanish, the connection coefficients defined by ∇ i v j ≡ ∇ vi v j = γ i k j v k are given by the formula
Again, the connection coefficients γ i k j in the frame v k extend analytically through {ρ = 0} and {τ = 1}. One finds
which implies
(44) As a consequence of the behaviour of g ij and γ i k j the components of all tensor fields in the frame v k which are derived by standard formulas from the metric and and the connection coefficients, such as those of the Ricci tensor and the conformal Weyl tensor of g, extend analytically through J + andĪ i.e. the metric g and its connection ∇ define with respect to the frame v i a smooth frame formalism onM .
It follows that the coordinate expressions of these tensor fields, such as
and, by the argument given in [33] (cf. also [23] ),
Unfortunately, this does not give us the needed details about the components R jk and it does not tell us anything about the behaviour of the frame components W i jkl [g] of the rescaled conformal Weyl tensor on I and the critical set I + . This requires detailed calculations. While only the analyticity of h at infinity implied by the static field equations is required to control the smoothness of the fields near J + , it follows from the regularity conditions (4) , that the conformal static field equations are needed to deduce the desired behaviour nearĪ.
Remark: Since there is a tensor calculus available here which provides expressions which extend smoothly through {ρ = 0} one may wonder why there should be something to worry about at I + . In the case of static solutions we control everything because we have an explicit expression for the time evolution of the data. In general we will have to evolve the data by solving the field equations, in particular the Bianchi equation for the rescaled conformal Weyl tensor. Then the structure of the characteristics of the evolution equations, which is somewhat hidden by the regularity of the expressions for the frame components, will play a decisive role.
The characteristic polynomial for the reduced Bianchi equation used in [22] contains a factor g
A discussion of the corresponding characteristics will sufficiently illustrate the difficulties arising at I + . If we write
the characteristic equation reads in the frame formalism
It defines regular cones in the 'ξ i -space' at each point ofM , in particular on I. However, the purpose of the characteristic equation is to find hypersurfaces
This equation determines regular cones at all points ofM ∪J + . At points where 0 ≤τ < 1 and ρ = 0 it reduces to
and thus defines a cone in three dimensions. Because the equation does not impose any restriction on ξ 1 ′ , the hypersurface {ρ = 0} is a characteristic. As observed in [22] , this behaviour is still consistent with the reduced field equations being symmetric hyperbolic onM ∪ J + ∪ I (if we had decided to use as an evolution equation for the rescaled conformal Weyl tensor the wave equation which can be derived from the Bianchi equation, we would have observed a failure of the hyperbolicity at I).
However, at points of I + the characteristic equation reduces to
Thus ξ 0 ′ , ξ 1 ′ are arbitrary, while ξ A ′ = 0. This loss of real characteristics spoils the hyperbolicity of the evolution equations at I + . There is no way to remove this break-down if one wants to preserve the picture of the cylinder. The discussion of [24] shows that this break-down is not a deficiency of our setting but pinpoints in a rather concise way the structure which gives rise to a possible non-smoothness of the conformal boundary.
The Ricci tensor of g nearĪ
The tensor
which carries all the information on the Ricci tensor R[g] ρ ′ ν ′ of g, is needed to integrate the conformal geodesic equations which define the setting introduced in [22] . The purpose of this section is to show
as real analytic functions toĪ with
Proof: Ifg satisfies the vacuum field equations, the tensor
We assume in the following the gauge (16) and coordinates satisfying (7) . The connection coefficients of the metric g in the coordinates t, x a are given by
given by the expressions
where D and D * denote the h-and h * -Levi-Civita connections respectively. With Λ = Ω Γ −1/2 and the map Φ defined by (34) one can determine from these formulas the frame coefficients
With the relations
which are implied by (19) , and equations (17), (20) one gets
which allow us to obtain the following expressions for the L jk .
In the case of L 00 there occurs a cancellation of the second terms in (45), (46) respectively, so that (with the understanding that e a • Φ = e a (ψ A ))
Since the term in curly brackets is of the order O(Γ), the function L 00 extends smoothly to {ρ = 0} with L 00 → 0 as ρ → 0. It holds
so that L 01 extends smoothly to {ρ = 0} with
so that L 0A extends smoothly to {ρ = 0} with L 0A → 0 as ρ → 0.
extends smoothly to {ρ = 0} with 
The rescaled conformal Weyl tensor of g nearĪ
In this section we shall make a few general observations concerning the rescaled conformal Weyl tensor and then specialize to the conformal static case. After a remark about the radiation field on J + we will analyse the smoothness of the rescaled conformal Weyl tensor near the setĪ.
Letg be a Lorentzian metric andS a space-like hypersurface with unit normalñ and induced metrich µν =g µν −ñ µñν . We setp µν =h µν −ñ µñν , ǫ νλρ = n µ ǫ µνλρ , and denote
(the star on the right hand side indicating the dual) the electric and the magnetic part of the conformal Weyl tensor respectively. The latter are symmetric, tracefree, and spatial, i.e. n νc νρ = 0, n νc * νρ = 0. The conformal Weyl tensor ofg is then given in terms of its electric and the magnetic part by (cf. [27] )
Suppose thatg is a solution to the vacuum field equations. Then the first and second fundamental formh ab andχ ab induced byg onS satisfy the Gauss and the Codazzi equation (expressing the pull-back of spatial tensors toS in terms of spatial coordinates x a )
This allows us to express the conformal Weyl tensor in terns ofh ab andχ ab . IfS is a hypersurface of time reflection symmetry, so thatχ ab = 0, these equations imply
and the Weyl tensor assumes the form
where we use ⊘ to denote the bi-linear Kulkarni-Nomizu product of two symmetric 2-tensors (cf. [6] ).
If Λ is an arbitrary conformal factor, the rescaled conformal Weyl tensor of g = Λ 2g is given by
In view of the behaviour of the conformal Weyl tensor under conformal rescalings, one gets (observe the index positions)
Its electric part with respect to the g-unit vector Λ −1ñ is then given by
With h = Ω 2h , the gauge (16), the general transformation law
and the equation 2 Ω ∆ h Ω = 3 D a Ω D a Ω (cf. the remark following (17)), one gets from (53) and (56) in the general time reflection symmetric case
(57) A conformal scaling which represents space-like infinity (with respect to the initial hypersurface S and with respect to the solution space-time) by a point is achieved by choosing Λ = Ω on S. With this particular choice one has
= O(Γ −3/2 ) as Γ → 0 unless m = 0.
In the massless case its behaviour depends on the freely prescribed metric h on S near i. In [21] have been derived radiativity conditions on h which are necessary and sufficient for the smoothness of w ab [g] at i. They imply in particular conditions (29) . In [22] it has been shown that the conditions (29) , referred to as regularity conditions there, are in fact equivalent to the radiativity conditions. Since metrics given by static data do satisfy the regularity conditions, they should provide smooth massless data w ab [g] . This has been shown in [21] by a certain conformal rescaling of the static metric h. It is interesting that this follows in the most direct way in the gauge (16) . In the massless case one has Ω = σ and the comparison of the expression for w ab [g] with (20) then gives for the conformally static data
which shows the smoothness of the rescaled conformal Weyl tensor. We return to the case where Λ = Ω Γ −1/2 . With (17), (47), (48) we get then
where we use Σ ab as defined by the right hand side of (20) v ∂ t and t-independent fields for each slicẽ S = {t = t * } with t * = const. The relations above then imply for all (t, x a )
with
We write for arbitrary 1-forms a, c
and note for the following considerations that the Kulkarni-Nomizu product is symmetric, i.e. for arbitrary symmetric 2-tensors m, n
and that it satisfies for arbitrary 1-forms a, c, e
We show how it follows in the present setting that the radiation field vanishes on J + . Since the extended Killing vector field K is tangent to the null generators of J + without vanishing there, the complete information on the radiation field is contained in the field
Because of the relation
and the factor σ in the second term it follows that
Thus, the pull-back of
, which provides the radiation field up to a scaling, vanishes everywhere on J + . 
Lemma 4.2 The components
with the Nomizu-Kulkarni product of
, where
We used above the relation (64) and set
The desired result on the behaviour of the rescaled conformal Weyl tensor nearĪ is obtained now by showing that for arbitrary frame vector fields v n one has
From (62) it follows that
Observing (15) one finds by inspection
, for N = 2, 3, 5, and thus
The remaing term is given by
For the three summands to be considered here we get the following. From 3 s U 2 + 6 = O(Γ) follows that
it follows by (63) that
It holds s U 3 + 6 U = O(1) and by inspection it follows that
5 Static vacuum solutions near the cylinder at space-like infinity
The conformal extension considered above relies on specific features of static fields. The construction of the cylinder at space-like infinity given in [22] is based on general concepts and applies to more general solutions. For static vacuum solutions this setting shows features similar to the one studied above. 
The notation I, I
± is used here in the sense of [22] . As has been discussed above and will be discussed further below, the smoothness refers to the components of the tensor fields in frame fields which degenerate in a specific way on the cylinder at space-like infinity. The result above is a consequence of the following Lemmas.
The construction of [22] will be discussed here in terms of the field g onM , the coordinates defined by (34) , and certain data prescribed onS. It relies on a specific set of gauge conditions. The metric h on S is given in a particular conformal gauge, referred to in [22] as the cn-gauge. We choose instead h and Ω to satisfy the gauge (16) and shall discuss later the effect of rescalings because this of interest in itself. Starting with h-normal coordinates x a as above we define as before the function Γ and set x a = ρ e a (ψ A ) on S with geodesic radial coordinate ρ = Γ 1/2 and analytic coordinates ψ A on the 2-sphere. In terms of the coordinates ρ and ψ A all our functions on S which are finite at i extend by analyticity into a domain where ρ < 0.
The conformal factor Θ which relates the vacuum metricg to the conformal metricḡ = Θ 2g which realizes the gauge which we want to achieve (denoting here byḡ the metric which is denoted in [22] by g), is given onS by Θ = κ −1 Ω with a suitably chosen function κ. We choose this function to coincide with
2 |s| σ.
The metrich induced onS = S \ {i} byḡ is given byh = ω −2 h. There is furthermore chosen aḡ-orthonormal frame field e k onS with e 0 orthogonal toS and e 1 = −ω grad h (Λ can be chosen such that they are analytic and extend with this property into a domain where ρ < 0. It has been shown in [22] that the introduction of such frames defines in a natural way a blow-up by which the point i is replaced by a spherical set I 0 such S ′ =S ∪ I 0 becomes a real analytic manifold with boundary. Moreover, the fields e A can be chosen to extend together with e 1 as analytic fields to I 0 and into a range where ρ < 0 with e A becoming tangent to and e 1 vanishing on I 0 . The coordinates ρ and ψ A extend as analytic coordinates as well and one has e k = e i k v i for i, k = 1, 2, 3 with coefficients e i k which extend analytically in to a range where ρ < 0. Since there is no natural choice for the vectors e A orthogonal to e 1 it has been found convenient in [22] to consider all such vectors, making thus I 0 a 3-dimensional manifold. We shall not go through these formal constructions because they are not important for the following discussion.
The gauge is propagated fromS intoM \Ī by using conformal geodesics which are subject to suitable initial conditions onS. The initial data are given such that they extend analytically to I 0 and it will be seen below that the equations can be also be extended analytically into a range where ρ < 0.
Following the prescription of [22] , we assume that the tangent vectorsẋ = d x/d τ of the conformal geodesics with parameter τ satisfẏ
which yields in terms of the coordinates (34) withτ = 0 the initial conditioṅ
(69) For the following we need to observe besides g = Λ 2g the relations
The integration of the conformal geodesic equations supplies a certain 1-form b and with it a Weyl connection∇ which is related to the connection∇ ofg bŷ
where S(b) denotes the difference tensor of the two connections. It is given for the 1-form b by
(note that any of the metrics above can be used in this formula). With the connections ∇ of g and∇ ofḡ we have furthermore relationŝ
between the 1-form f which is obtained if the conformal geodesic equations are written in terms of the metric g, the 1-formf which is supplied by the conformal geodesic equations if they written in terms of the metricḡ, and the conformal factor which relates g toḡ. By the choices of [22] we have <f ,ẋ > = 0 everywhere and < d Θ,ẋ > = 0 onS. Since Λ has been chosen to be independent of t and ∂ t is orthogonalS, it follows that < d Λ,ẋ > = 0 and thus < f,ẋ > = 0 onS. The pull back off toS is given in [22] 
the pull back of f to onS is given by 1/2 Γ −1 d Γ. From this one gets in the coordinates (34) withτ = 0
Because <f ,ẋ > = 0, equation (70) implies the ODĖ
along the conformal geodesics, which, together with (71), allows us to determine Π. In [22] it has been shown that with the assumed value of Θ onS the conformal factor takes the form
where Ω * and ω * are constant along the conformal geodesics and agree onS with Ω and ω respectively.
The extended conformal geodesic equation on I
With respect to the metric (39) a solution to the conformal geodesic equation is given by a space-time curve x µ (τ ) = (τ (τ ), ρ(τ ), ψ A (τ )) and along that curve a vector field X(τ ) and a 1-form f (τ ) such thaṫ x = X, ∇ X X = −2 < f, X > X + g(X, X) f ♯ ,
The conformal frame field e k is then obtained along these curves by solving for the given data onS the equation
∇ X e k = − < f, X > e k − < f, e k > X + g(X, e k ) f ♯ .
With the expansions X = X i v i , f = f i α i , L = L jk α j α k , e k = e i k v i , the equations above take in the domain where ρ > 0 the form
A calculation shows that the solution of this system for the prescribed initial is given byτ = τ, X 0 = 1,
This proves the first assertion. With the solution above equation (73) readṡ Π = 0 and we have Π = 1 on I 0 by (67). This proves the second assertion.
Remarks:
The ODE above is sufficiently complicated such that giving the solution explicitly deserves an explanation. It has been obtained by a comparison of two conformal representations of Minkowski space. The work in [22] shows that at lowest order in ρ near I the solution behaves like conformal Minkowski space. This is also suggested by the fact that in the ODE's above there does not enter any information about h ab + δ ab , U − 1, or m. If we denote byτ ,ρ,Θ the functions denoted in [22] , p. 144, 145, by the same letters without the bar, we find (going through the transformations on these pages) that they are related to the Minkowski time function t and the Minkowski radial coordinate r by r = 1 ρ (1 −τ 2 )
, t =τ ρ (1 −τ 2 ) ,Θ = 1 r .
If the Minkowski values m = 0, U = 1, h ab = −δ ab are assumed in the formulas of this article one gets with (41) the metricĝ ik α i α k with m = 0. Tracing back how the functionsτ , ρ, Λ of this article are related to t and r, one finds r = 1 ρ (1 −τ )
, t =τ ρ (1 −τ ) , Λ = 1 r .
It follows that in [22] the same conformal scaling of the asymptotic Minkowski space is considered as in this article. However, the coordinates are different and related by a transformationτ =τ , ρ =ρ (1 +τ ), which implies by (77) ∂ρ ∂ρ ′ | ρ ′ =0 = 1 + τ ≥ 1.
It follows that the Jacobian of the analytic map
takes the value 1 +τ onĪ and we conclude that for sufficiently small ρ * > 0 the Jacobian does not vanish in the range 0 ≤ τ ≤ 1 + ǫ, |ρ| ≤ ρ * . The relations Λ = Θ Π −1 , Π > 0, and (74) imply that the curves with ρ ′ > 0 cross J + for τ = 1. It follows that τ , ρ ′ , and ψ A ′ define a smooth coordinate system in a neighbourhood N ofĪ inM , such that N ∩ J + = {τ = 1, ρ ′ > 0}, I = {0 ≤ τ < 1, ρ ′ = 0}, and I + = {τ = 1, ρ ′ = 0}. The initial data for e k onS described above (which includes the relation e 0 ≡ẋ) define coefficients e i k onS, with i, k = 0, . . . , 3, which extend by analyticity intoS and satisfy det(e i k ) = 0. The solution of the linear system (76) then provides a smooth solution e i k with det(e i k ) = 0, e 0 =ẋ on N , andḡ(e i , e k ) = diag(1, −1, −1, −1) on N \Ī. The fields e k = e i k v i , expressed in terms of the new coordinates, will then be smooth, linearly independent on N \Ī, span the tangent spaces ofĪ, and show a degeneracy in the ρ ′ direction in the sense that they satisfy e 
where f = f i α i is the 1-form determined above. Other unknowns are the 1-form f with respect to the gauge defined byḡ, which is obtained from f bȳ
and the rescaled conformal Weyl tensor with respect toḡ, which is given by
Observing now Lemmas 4.1, 4.2, the smoothness of the expansion coefficients f i and Π > 0 on N , the relation∇ = ∇ + S(Π −1 d Π), and the transformation laws above we find Lemma 5.3 The metricḡ and its connection∇ define a frame formalism with respect to the frame e k which extends smoothly to N . The coefficients of the tensorL µν [∇], the 1-formf µ , and of the rescaled conformal Weyl tensor W µνρλ [ḡ] in the frame e k and the coordinates τ , ρ ′ , ψ A define analytic functions on N .
Changing the conformal gauge on the initial slice
In the following we shall show that the construction of the cylinder at space-like infinity as defined on [22] is independent of the scaling of the metric on the initial slice. We assume the gauge arrived at in the last section. It is characterized by the quantities h, Ω, Θ|S = ω −1 Ω,ḡ = Θ 2g , e 0 =ẋ, {e a } a=1,2,3 ,f onS, (79) and the coordinates ρ and ψ A on S ′ introduced above, which satisfẏ
x ⊥S,ḡ(e i , e k ) = η ik , <f ,ẋ > = 0,fS = ω −1 d ω,
(the subscriptS indicating the pull back toS).
A rescalingh
with a positive, analytic conformal factor ϑ has a number of consequences for our gauge. It implies a change of the normal coordinates x a → x ′ a = x ′ a (x c ) with x ′ a (0) = 0 and thus a change e a → e ′ a = ϑ −1 s c a e c of the frame vector fields tangent toS. Here s c a denotes an analytic function with values in SO(3) which can be chosen such that s c a → δ c a as ρ → 0. These changes, which will be transported along the new conformal geodesics, are not critical. Important here is that the congruence of conformal geodesics related to Ω (the Ω-congruence) will be replaced by a another one (the Ω ′ -congruence). If the curves are considered as point sets, the two families of curves will be different if [25] ). We shall show that this does not affect our setting.
The rescaling above implies onS the transitions
with the function (cf. the remark following (17))
, which extends analytically intoS as a function of ρ and ψ A . The properties of the fields (79) imply
and <f ′ ,ẋ > = 0,fS →f
for prescribed regularity p * there exists quite a general class of data for which J p * I (u) is smooth onĪ. We consider the results above as providing a model case for the discussion of stationary solutions and as a basis for the further search for necessary and sufficient conditions on initial data with non-vanishing ADM-mass to develop into solutions which admit conformal boundaries at null infinity with a presribed smoothness.
